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Abstract Using numerical simulations we investigated the dynamic response to an
externally driven force of a classical two-dimensional (2D) electron system on a he-
lium film at finite temperatures. A potential barrier located at the center of the system
behaves as a pinning center that results in an insulator state below a threshold driving
force. We have found that the current-voltage characteristic obeys the scaling relation
I = f ξ , with ξ ranging from ∼(1.0–1.7) for different pinning strengths and temper-
atures. Our results may be used to understand the spread range of ξ in experiments
with typical characteristic of plastic depinning.

Keywords Collective transport · Electrons in helium · Non-linear phenomena

1 Introduction

The phenomena of collective transport in strongly correlated two-dimensional (2D)
electron systems has been a subject of increasing theoretical and experimental in-
terest since the discovery of the fractional quantum Hall effect (FQHE) [1] and of
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metal-insulator transitions (MIT) in 2D [2, 3], first reported for a Si metal-oxide-
semiconductor field-effect transistor (MOSFET) by Kravchenko et al. [4]. Until now,
the latter is not well understood and is currently focus of intense research. It was
found that the MIT shows nonlinear behavior in current versus voltage (I–V ) curves
and a great deal of effort has been spent to understand it [5–7]. Such ordered systems,
composed of strongly interacting electrons driven by an external force, can exhibit
a variety of interesting critical phenomena [8]. Striking examples are pinning and
depinning on vortex matter [9] and charge-density-waves (CDW) conductors [10],
charge transport in metallic quantum dots [11], Coulomb-blockade in conducting
nanomaterials [12–14], nonlinear magnetoconductivity of 2D Wigner crystals in 4He
superfluid [15, 16].

In all these systems, one can scale the I–V characteristic curves using the form
I = f ξ , where f = (V −Vt)/Vt is a reduced voltage [17]. The exponent ξ has a wide
range of values both theoretically and experimentally. The value of the exponent ξ

depends on the kind of flow produced in these systems when they are dragged by the
external force. Analytically, one expects ξ < 1 when the system starts to flow elas-
tically, which was confirmed by numerical experiments [18]. In the case of a plastic
flow, numerical calculations seem to agree with ξ > 1 in 2D [18, 19]. In general,
analytic results of charge transport studies predict ξ = 1.0 for one-dimensional (1D)
arrays and ξ = 5/3 for the 2D case. For numerical calculations, ξ = 2.0 [11] while
experimentally it ranges from ξ = 1.3 to 2.5 [20, 21]. In the last studies, electron
transport was analyzed on a two-dimensional array of metallic dots fabricated with
different degrees of disorder. In summary, theory and experiment have no consensus
on how the strength of disorder affects the nonlinear (I–V ) characteristics. Further-
more, it is not yet clearly understood which effects are responsible for the pinning
dynamics in these systems [13].

One interesting question to consider is what kind of theoretical models are best
suited to study the depinning mechanism that could clarify the behavior of ξ . There
are a variety of models of driven disordered systems for both regimes, elastic and
plastic [22–24]. In addition, some models were proposed to numerically study the
charge transport in 2D arrays in the presence of quenched disorder [25, 26]. This is
motivated by the fact that the charge flow at depinning resembles what has been seen
in other systems such as flux lattices. In those models, the quenched disorder may
be created by introducing pinning centers with, for instance, Gaussian or parabolic
shapes. These pinning centers mimic barriers that the electrons must overcome in
order to produce any collective charge transport. Analogously, in the experiments
cited above a charge must overcome a barrier to travel between the dots. Furthermore,
the charging of the underlying background is another way to create a system with
quenched disorder [27].

In this work, we examine a periodic electronic structure in the presence of strong
barriers that lead to plastic depinning, i.e., the crystal lattice periodicity is broken and
consequently the translation symmetry is lost [8, 28]. The comparison between sim-
ulated, theoretical and experimental critical exponents is discussed for such regime
at different temperatures and pinning strengths. In order to test this, we have used
Langevin Molecular Dynamics simulations to study the dynamical response to an ex-
ternal driving force of classical 2D electrons in helium film. This system has received
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much attention for almost three decades. Theory and experiment [29, 30], together
with numerical calculations [31, 42], showed exciting importance for the understand-
ing low dimensionality picture, which has been renewed by recent experimental re-
sults on the dynamic flow of surface electrons over liquid helium [32–34].

2 Model and Computational Details

The model we have studied here is a prototype of an ideal 2D electron system. N clas-
sical electrons with charge e are adsorbed on a film of liquid helium with dielectric
constant ε coating a solid substrate with dielectric constant εs . In the present case,
the particles have coordinates r = (x, y) and interact through a screened Coulomb
potential [31]

V (r) = e2
(

1

r
− δ√

r2 + 4d2

)
, (1)

which is controlled by the film thickness d and the parameter

δ = εs − ε

εs + ε
. (2)

In order to examine the collective transport characteristics, as well as the nonlinear
dynamics in this system, we have constrained the 2D electrons by a potential barrier

Vc(x, y) = V0

1 + α2x2 + β2y2
(3)

centered at the origin. The parameters α and β determine the shape of the Lorentzian
potential and its strength is given by V0. This barrier can be experimentally real-
ized by introducing either one central or a quasi one-dimensional array of micro-
electrodes submerged into the helium and attached to the substrate. This creates an
electronic trap with a repulsive (attractive) gate (reservoir) potential [35].

To simulate the system, we integrated the Langevin equation of motion

mr̈ = −∇U(r) − bmṙ + ζ(t), (4)

where

U = V + Vc, (5)

b is the friction coefficient, and ζ(t) is a random force vector that mimics thermal
noise and has a zero mean

〈
ζi(t)

〉 = 0 (6)

and standard deviation

〈
ζi(t)ζj (t

′)
〉 = 2mbkBT δij δ(t − t ′). (7)
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A constant external driving force F is applied parallel to the x-direction to simulate
the effect of an external electric field.

The simulations were performed in a rectangular box with area A for a fixed
density of 2.2 × 109 e/cm2. The sides of the simulation cell have a ratio of

√
3/2

to allow for 4M2 electrons to lie in a perfect triangular lattice at zero temperature
and zero applied field. In addition, we used periodic boundary conditions and the
electron-electron interaction is handled with the Ewald summation. Throughout this
paper, we use

√
A and E0 = e2/2

√
A as units of length and energy, corresponding to

4.26 micrometer and 2.70×10−16 erg, respectively. These reduced quantities will be
denoted by an “∗”. The effect of temperature on the dynamical response of the elec-
trons to an external force in this system is determined by carefully selecting systems
so as to pick up the essential physics with temperatures varying from 1 to 100 mK,
d = 100 Å, δ = 0.5789 (glass substrate), α∗ = 2, β∗ = 30 and N = 400 electrons.
The driving force was increased starting from zero and at each value of F ∗ we mea-
sure the electron velocity in the x-direction

v∗
x = 1

N

∑
i

v∗
i · x̂ (8)

after 106 simulation steps. The average electron velocity v∗
x and the external force

F ∗ may be directly related to the current (I ) and voltage (V ) in dc experiments,
respectively. We shall further refer to v∗

x–F ∗ as current–voltage curves.

3 Numerical Results and Discussion

An important aspect about universality in critical phenomena is that systems within
an universality class have the same critical exponents and scaling functions, therefore
the critical exponent is independent of the system details [22]. In previous works
we have studied the behavior of the critical exponent for the same system described
above as a function of the type of substrate and helium film thickness [36] as well as
of the shape of the barrier [43]. In neither cases considerable changes on the value of
the exponent were found, that remained constant and approximately 1.3.

In what follows, we have studied the critical exponent’s behavior as a function of
temperature and disorder strength for the system described in the previous section. It
is important to mention that the values of critical exponents obtained from our simula-
tion are comparable with those from experiments and theory in the plastic depinning
regime. Although during the presentation of the results we will make comparisons
between these so different systems, it is out of scope of this paper, however, try to
explain the physics similarities between them.

In Fig. 1 we show the driving threshold F ∗
c as a function of potential barrier height

V ∗
0 at two fixed values of temperatures, T = 0 (circles) and T = 10 mK (squares).

The thermal rounding on the threshold is treated using the same technique used in
Ref. [12], which allows us to estimate the critical force F ∗

c . The overall increase in
the threshold is consistent with the increasing average force for the electrons to over-
come the barrier. It is clear that the threshold shifts to lower values when T increases,
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Fig. 1 (Color online) Threshold
value of the driving force as a
function of the barrier height V ∗

0
for T = 0 (circles) and
T = 10 mK (squares). The
dotted lines are a power law fit.
Inset: Drift velocity as function
of driving force for V ∗

0 = 60

indicating that finite temperature reduces the effect of the barrier (directly associated
with the strength of disorder). The thermal energy acquired by the electrons favors
their motion through the barrier and the critical driving force decreases. The inset in
Fig. 1 shows v∗

x vs F ∗ (current–voltage curves) for the same two values of temper-
ature and V ∗

0 = 60 (the arrows indicate the location of the threshold). Here, we note
that the curves do not change their shape when the temperature increases. This be-
havior indicates that the scaling exponent should be independent of temperature for
this specific value of disorder strength.

The temperature dependence of the driving threshold F ∗
c (T ), for a fixed value of

V ∗
0 = 60, is shown in Fig. 2. We have found that for T ≥ 10 mK the threshold de-

creases, with increasing temperature, in the same way as observed experimentally
in nonlinear systems obeying a power-law F ∗

c ∼ T −γ with γ = 0.8 . The critical
exponent, however, seemed to be dependent on the details of the system and the
disorder involved. With our simulations we have verified that, for T � 40 mK the
threshold is almost zero and this clearly indicates that there is no tendency for the
threshold to saturate as a function of temperature. Our F ∗

c (T ) results indicate that
electrons on a helium film give a scaling exponent close to that measured in quasi-
one-dimensional polymer nanofibers (γ = 1.1) [12, 13], where the authors did not
observe any tendency of saturation. Figure 2(b) shows the current (v∗

x ) as a function
of temperature for different voltage values (F ∗). As one can see, at high tempera-
tures and low voltages there is a strong temperature dependence of the current, while
at low temperatures and high voltages the current–voltage characteristic is almost
temperature independent. In general, the observed behavior is particularly similar to
those obtained in some Coulomb-blockade transport [12] and non-Ohmic conduction
[37] experiments. One can also see that the curves in Fig. 2(b) exhibit a behavior
resembling that observed in 2D MIT numerical [38] and experimental [39] results.

In Fig. 3 we elaborate further on the current as a function of temperature. For
systems at low voltages, i.e., F ∗ ≤ 3, our results fitt an Arrhenius form

I ∝ exp
(−E∗

a/kBT
)
, (9)

where E∗
a is the energy necessary to activate the current, see Fig. 3(a). We found

that the activation energy to be of the order of ∼51–64 in the voltage range 2–3,



J Low Temp Phys (2010) 160: 58–67 63

Fig. 2 (Color online)
(a) Temperature dependence of
the threshold value of the
driving force for a barrier with
V ∗

0 = 60. (b) Temperature
dependence of current v∗

x at
different voltages F ∗ for the
same value of potential barrier

which is close to the pinning energy V 	
0 = 60. This agreement between the pinning

and activation energies shows that electron transport is determined by thermal activa-
tion mechanism in this range of temperature and voltage. By increasing the voltage
further, i.e., for F	 ≥ 6, the activation energy decreases and approaches to kBT . In
summary, for low voltages the thermal motion represents a key factor in the process
of overcoming the barrier and therefore such regime is completely described by Ar-
rhenius law (Fig. 3(b)). For high voltages (Fig. 3(c)), however, the process becomes
temperature independent and the deviation is expected once the overcoming process
is entirely resulting from the driven force. Finally, (Fig. 3(d)) shows that the channels
structure can be completely destroyed even for high voltages if the temperature is
large enough.

Figures 4 and 5 demonstrate the effect of temperature and disorder (barrier
height) on the scaling behavior of depinning. The scaling exponent ξ is given by
ξ = lnvx/ lnf ∗, where f ∗ = (F ∗ − F ∗

c )/F ∗
c is a reduced variable. We have found

the critical exponent value as ξ ∼ 1.36 ± 0.03 in the interval of temperature varying
from T = 0 to 25 mK at fixed barrier height V ∗

0 = 60, as shown in the inset of Fig. 4.
For relatively weak disorder, the scaling exponent is weakly dependent on tempera-
ture. The obtained values of ξ in this range of temperatures for this specific barrier
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Fig. 3 (Color online) (a) The
temperature dependence of the
current for some values of the
voltage with V ∗

0 = 60. Electrons
trajectories for (b) T = 10 mK
and F ∗ = 3, (c) T = 10 mK and
F ∗ = 150, and (d) T = 40 mK
and F ∗ = 150
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Fig. 4 (Color online) Scaling
behavior v∗

x = f ∗ξ of current
with reduced voltage
f ∗ = (F ∗ − F ∗

c )/F ∗
c for six

different temperatures at
V ∗

0 = 60. The inset shows the
temperature dependence of the
exponent ξ

Fig. 5 (Color online) Scaling
behavior v∗

x = f ∗ξ of current
with reduced voltage
f ∗ = (F ∗ − F ∗

c )/F ∗
c for several

values of the potential barrier
height at T = 10 mK. The inset
shows the barrier height
dependence of the exponent ξ

agrees with the mean-field prediction [17] and experimental results for conduction
threshold in quantum dot arrays [40]. On the other hand, when the barrier height
varies, at a fixed temperature of T = 10 mK the critical exponent ξ increases from
∼1.0 up to ∼1.7 (inset of Fig. 5). This step-like behavior is a clear indication of a
crossover from quasielastic to plastic depinning. Such crossover was also observed
in colloidal systems [18]. The quasielastic depinning (ξ close to unity) is an inter-
mediate regime between elastic (ξ = 2/3) and plastic (ξ = 3/2) [41]. High values
of V ∗

0 lead to a complex arrangement of channels, in which the number of nearest
neighbors of each particle changes. This is known as plastic flow regime. For high
values of potential barrier, the exponent is in excellent agreement with experimental
[37] and analytical [11] results. This is strong evidence that the barrier is one reason
for the spread values of ξ observed in experiments.

4 Conclusions

On this paper we have analyzed the collective transport of a two-dimensional system
of electrons on a helium film adsorbed on a substrate subject to a parallel external
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force. We have examined the influence of temperature on current vs applied drive
curves and found that the scaling exponent ξ is weakly dependent on temperature at
lower fixed values of V ∗

0 . However, there is a strong dependence of the scaling expo-
nent on the pinning potential, with values ranging from ∼1.0 to ∼1.7. These results
are in agreement with the dynamical critical phenomena and show that the disorder
strength can have a fundamental role in spreading the values of critical exponents in
similar systems.
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